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The linearized R13 and R26 moment equations are used to study Kramers’ problem. Analytical solutions for
the defect velocity and slip coefficient are derived and compared with numerical results from the kinetic theory.
It is found that the linearized R26 equations can capture the Knudsen layer fairly accurately in terms of the
defect velocity and slip coefficient, while the linearized R13 equations underpredict the kinetic data. At the
wall, however, the kinetic models predict a slightly higher value for the defect velocity than the linearized R26
equations. In general, the linearized R26 equations perform well for both specular and diffusive walls.

DOI: 10.1103/PhysRevE.81.016313 PACS number�s�: 47.10.ab, 51.10.�y, 47.45.Gx

I. INTRODUCTION

The state of a dilute gas can be described by either kinetic
theory or hydrodynamics. In kinetic theory, the gas is treated
as a large number of interacting molecules that undergo bi-
nary collisions and the particles rebound according to pre-
scribed laws �1,2�. In contrast, the hydrodynamic equations
govern the macroscopic behavior of the gas. When the num-
ber of collisions between the gas molecules is sufficiently
large for a gas to reach a statistically steady �equilibrium�
state, the molecular distribution function can be represented
by the Maxwellian parametrized by traditional hydrody-
namic variables. These macroscopic quantities are governed
by the traditional hydrodynamic Navier-Stokes-Fourier
�NSF� equations. However, the molecular distribution will
deviate from the Maxwellian when the gas is in a nonequi-
librium state and the NSF equations are no longer accurate or
valid �3�. Directly solving the Boltzmann equation for prac-
tical applications remains formidable due to the complicated
structure of the collision term and its high dimensionality. It
is also computationally expensive to use numerical ap-
proaches, such as the direct simulation Monte Carlo meth-
ods, in a regime not far from the equilibrium state. This is
particularly true for the low-speed flows encountered in
micro-electro-mechanical systems. Alternative macroscopic
modeling and simulation strategies �4–10� have been devel-
oped over many years; among them, the method of moments
is now showing great potential for solving real applications.

The method of moments was originally proposed by Grad
�9� as an approximate solution procedure to Boltzmann’s
equation. It was initially used to study hyperbolic flows such
as shock structure �11�. The Grad-type 13 and 26 moment
field equations have also been applied to wall-bounded ge-
ometries, such as planar Couette flow, to investigate the gas-
wall interaction effect on the gas state �12,13�. It was found
that Grad’s original method cannot capture the Knudsen

layer very well. Significant effort and progress have been
made in recent years, particularly, the introduction of regu-
larization �14� and the treatment of solid boundaries �15,16�.
Recent studies have shown that both the regularized 13
�R13� and 26 �R26� moment equations are able to capture
several well-known nonequilibrium phenomena such as the
bimodal temperature profile in force-driven Poiseuille flow,
nongradient heat flux in Couette flow, and the Knudsen mini-
mum �15–20�. However, in the transition regime, where the
flow is dominated by Knudsen layers, the R13 equations are
unable to provide an accurate description of the near-wall
velocity �17–20�. This is because the Knudsen layer appears
as superpositions of exponential layers �21�. The R13 equa-
tions are the lowest moment system that can describe both
gradient and nongradient transport modes in the transition
regime, but they can provide only one exponential layer to
describe the velocity in the Knudsen layer �20�. In contrast,
the R26 equations provide two exponential layers to describe
the velocity close to the wall, which provides a significant
improvement in accuracy �18,22�.

For many low speed flows, it should be sufficient to use a
linearized set of moment equations. In the present study, both
the linearized R13 �LR13� and R26 �LR26� equations are
used to study the flow behavior in the early transition regime.
Kramers’ problem is the most basic configuration, where the
effect of a solid boundary can be investigated without the
additional complications found in more realistic geometries.
This problem has been extensively studied �23–27� and it
provides a useful benchmark for the development of macro-
scopic models. In this paper, analytical solutions of Kramers’
problem are obtained from the LR13 and LR26 moment
equations and the defect velocity and slip coefficient are
compared with numerical solutions from the kinetic theory to
assess the validity and accuracy of the moment equations.
We will show that rarefaction effects can be described by the
macroscopic governing equations to good accuracy and the
physics of nonequilibrium gas flow is well embedded in the
moment equations in the early transition regime.

II. LINEARIZED MOMENT EQUATIONS AND THE
SOLUTION OF KRAMERS’ PROBLEM

The moment method provides a bridge between kinetic
theory and hydrodynamics and extends classical fluid dy-
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namics to nonequilibrium flow. Once the distribution func-
tion f is known, the moments with respect to the particle’s
velocity � can be determined. For example, the density � and
the momentum �ui can be obtained from �=�fd� and �ui
=��i fd�, where �i and ui represent the particle and fluid ve-
locity, respectively. It is convenient to introduce the intrinsic
or peculiar velocity as ci=�i−ui, so that the moments with
respect to ci can be conveniently calculated. A set of N mo-
ments are then used to describe the state of the gas through
�i1i2. . .iN

=�ci1
ci2

. . .ciN
fd�.

Any moment can be expressed by its trace and traceless
part �5,6�. For example, the pressure tensor can be separated
as pij =�cicjfd�= p�ij + p�ij�= p�ij +�ij, where �ij is the Kro-
necker delta function, p= pkk /3 is the pressure, and �ij
= p�ij� is the deviatoric stress tensor. The angular brackets are
used to denote the traceless part of a symmetric tensor �6�.
Furthermore, the thermal energy density � is given by ��
=�ckckfd� /2=3�RT /2. Here R=kB /m is the gas constant, kB
is Boltzmann’s constant, and m is the mass of a molecule.
The temperature T is related to the pressure and density by
the ideal-gas law p=�RT, and the heat flux vector is defined
as qi=�ckckcifd� /2.

In Grad’s approach �9�, the molecular distribution func-
tion is expanded in terms of Hermite polynomials; the coef-
ficients of which are linear combinations of the moments of
the distribution function. An infinite set of Hermite coeffi-
cients is equivalent to the distribution function itself and
there is no loss of any kinetic information. In practice, how-
ever, the distribution function has to be truncated, and the
specific problem to be addressed will determine the order of
the truncation. The truncated distribution will be denoted as
Grad’s distribution function fG.

For the convenience of modeling, the high moments are
decomposed into values approximated with Grad’s distribu-
tion function �i1i2,. . .,iN

� fG
and the deviation from their true

value. With Grad’s 26 moment distribution function fG26, the
following high moments used in the present study can be
expressed by

��ijk� = mijk + ��ijk��fG26
= mijk,

��ijkl� = �ijkl + ��ijkl��fG26
= �ijkl,

��ij�rr = Rij + ��ij�rr�fG26
= Rij + 7RT�ij ,

�rr�ijk� = �ijk + �rr�ijk��fG26
= �ijk + 9RTmijk,

�rrss = 	 + �rrss�fG26
= 	 + 15pRT ,

�rrssi = 
i + �rrssi�fG26
= 
i + 28RTqi, �1�

where mijk, Rij, 	, �ijk, �ijkl, and 
i represent the difference
between the true value of the higher moments and their cor-
responding approximation with fG26.

The governing equations for the moments can be readily
obtained from Boltzmann’s equation �6�. The derivation of
the R13 and R26 moment equations for monatomic gas of
Maxwell molecules and their linearization can be found in

Refs. �14,18,20,22�, respectively. For Kramers’ problem, the
coordinates are chosen such that the wall is parallel to the x
direction and y is the direction perpendicular to the wall
which is located at y=0. The velocity in the x direction is u
and the velocity in all other directions is zero. All derivatives
in the x direction are zero and the mass conservation law is
satisfied automatically. The linearized one-dimensional mo-
ment equations are decoupled into a velocity-related and
temperature-related set. The equations involved in the veloc-
ity problem, obtained from the LR26 moment system, are
reduced to a five moment system �22� for Maxwell mol-
ecules,

d�̄xy

dȳ
= 0, �2�

dm̄xyy

dȳ
= −	�

2

L

�
�̄xy −

dū

dȳ
−

2

5

dq̄x

dȳ
, �3�

dR̄xy

dȳ
= −
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	�
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�
q̄x − 2

d�̄xy

dȳ
, �4�

d�̄xyyy

dȳ
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�
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8

5

d�̄xy

dȳ
−
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35

dR̄xy

dȳ
, �5�

d�̄xyy
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�
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, �6�

closed by the following constitutive relationships:

�̄xyyy = −
15

7Z
	 2

�

�

L

dm̄xyy

dȳ
, �̄xyy = −

72

35Y
	 2

�

�

L

dR̄xy

dȳ
,


̄x = − 4	 2

�

�

L

dR̄xy

dȳ
, �7�

in which, Y =1.698 and Z=2.097 are collision constants for
Maxwell molecules and L is a characteristic length. The vari-
ables with an overbar symbol are small dimensionless devia-
tions from an equilibrium state given by �o, To �or po�, and
uo as defined in

u = 	RToū, mxyy = �o�RTo�3/2m̄xyy, �xyy = �o�RTo�5/2�̄xyy ,

�xy = �oRTo�̄xy, Rxy = �o�RTo�2R̄xy, 
x = �o�RTo�5/2
̄x,

qx = �o�RTo�3/2q̄x, �xyyy = �o�RTo�2�̄xyyy, y = Lȳ . �8�

The wall boundary conditions constructed from Maxwell’s
kinetic boundary treatment are �22�

ū
 = − ��	�

2
�̄xy −

5m̄xyy + 2q̄x

10
+

9
̄x + 70�̄xyy

2520
, �9�
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q̄x = −
5

18
��	�
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�7�̄xy + R̄xy� −

5ū
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−

10m̄xyy

9
−

5�̄xyy

81
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̄x
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,

�10�

m̄xyy = − ��	�
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�̄xy +

R̄xy

7
+

�̄xyyy

3
�

−
2

5
q̄x −

2ū


3
−

�̄xyy

18
−


̄x

140
, �11�

where ��= �2−�� /� and � is the momentum accommodation
coefficient, indicating that a fraction � of gas molecules will
be diffusely reflected with a Maxwellian at the wall tempera-
ture, and the remaining fraction will undergo specular reflec-
tion. The slip velocity is u
 and Eq. �9� is similar to the slip
velocity boundary condition for the NSF equations with ex-
tra terms providing higher-order corrections �19�. For Kram-
ers’ problem, it is convenient to choose the mean free path
defined by �= �� / po�	�RTo /2, as the characteristic length
so that � /L=1.

Equation �2� indicates that the shear stress �̄xy is a con-
stant in the whole domain. Integration of Eq. �3� gives the
velocity as

ū = − 	�/2�̄xyȳ − 2q̄x/5 − m̄xyy + A , �12�

where A is an integration constant. The superposition of the
velocity contributions from �xy, mxyy, and qx are clearly ex-
pressed by Eq. �12�. This is an important feature that is not
present in the NSF equations. The expressions for q̄x, m̄xyy,

and R̄xy can be obtained from Eqs. �4�–�7� as

m̄xyy = 	�/2�̄xy�C1e−�1.265	�/2�ȳ + C2e−�0.5102	�/2�ȳ� , �13�

q̄x = 	�/2�̄xy�− 0.4435C1e−�1.265	�/2�ȳ

+ 4.0491C2e−�0.5102	�/2�ȳ� , �14�

R̄xy = 	�/2�̄xy�− 0.4674C1e−�1.265	�/2�ȳ

+ 10.5817C2e−�0.5102	�/2�ȳ� , �15�

where C1 and C2 are integration constants. In the above so-
lutions, the boundary condition that, as ȳ→�, q̄x, m̄xyy, and

R̄xy will remain finite, has been used to remove the other two
integration constants and the terms associated with them.
The remaining integration constants A, C1, and C2 are deter-
mined from the wall boundary conditions �9�–�11� by

A = − 	�/2�̄xy��� − 0.383C1 − 1.5686C2� , �16�

C1 = − ��
0.81265 � 10−1�2 + 1.2824�

0.48517 � 10−2�2 + 0.64884� + 8.0995
,

�17�

C2 = − ��
0.8565 � 10−3�2 + 0.362�

0.48517 � 10−2�2 + 0.64884� + 8.0995
.

�18�

Inserting Eqs. �13�, �14�, and �16� into Eq. �12�, the final
expression for velocity from the LR26 moment equations
reads as

ū = − 	�/2�̄xyȳ − 	�/2�̄xy��� − 0.383C1 − 1.5686C2�

− 	�/2�̄xy�0.8226C1e−�1.265	�/2�ȳ

+ 2.6196C2e−�0.5102	�/2�ȳ� . �19�

In the LR13 system, the governing differential equations
�5� and �6� are replaced by the following constitutive rela-
tionships �28�:

m̄xyy = −
16

15
	 2

�

d�̄xy

dȳ
, R̄xy = −

12

5
	 2

�

dq̄x

dȳ
, �20�

along with the boundary conditions �9� and �10� without the

higher moments �̄xyy and 
̄x. For Kramers’ problem, the ve-
locity field for the LR13 equations is readily obtained as

ū = −	�

2
�̄xyȳ − ��	�

2
�̄xy
13 + 2��	10�

12 + 2��	10�
�

+ ��	�

2
�̄xy� e−�	5�/18�ȳ

6 + ��	10�

 . �21�

If we compare Eqs. �19� and �21�, we can see that the LR26
equations provide two exponentials to describe the Knudsen
layer, while the LR13 equations only contain one exponen-
tial. Recently, the velocity field for the LR13 equations based
on the Bhatnagar-Gross-Krook �BGK� model was obtained
�29�. With the notation of the present study, the solution can
be written as

ū = −	�

2
�̄xyȳ − ��	�

2
�̄xy
13 + ��	70�

12 + ��	70�
�

+ ��	�

2
�̄xy� 2e�−�	70�/14�ȳ�

12 + ��	70�

 . �22�

Clearly the BGK and Maxwell molecule models will pro-
duce Knudsen layers with different widths.

III. DEFECT VELOCITY AND SLIP COEFFICIENT

In kinetic theory, the defect velocity and slip coefficient
are often used to study how the wall affects the velocity
profile �23–27�. To be consistent with the kinetic solutions
obtained from the Boltzmann equation, a reference velocity
uo=−�xy�� /��=−�̄xy

	�RTo /2 is used to scale the velocity,
i.e.,

ũ = u/uo = ȳ + ��� − 0.383C1 − 1.5686C2�

+ �0.8226C1e−�1.265	�/2�ȳ + 2.6196C2e−�0.5102	�/2�ȳ� .

�23�

A defect velocity ud is defined by ud= ȳ+�− ũ, and the slip
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coefficient � is determined by lim
ȳ→�

ud=0 �24,27�. From the

above condition, the expression of � for the LR26 moment
equations can be written as

� = �� − 0.383C1 − 1.5686C2

= ��
 0.3732 � 10−1�2 + 1.7078� + 8.0995

0.48517 � 10−2�2 + 0.64884� + 8.0995
� �24�

and the defect velocity is expressed by

ud = − 0.8226C1e−�1.265	�/2�ȳ − 2.6196C2e−�0.5102	�/2�ȳ .

�25�

Similarly, we can obtain the defect velocity and slip coeffi-
cient for the LR13 equations, respectively, as

ud = ��� e−�	5�/18�ȳ

6 + ��	10�

 ,

� = ��� �13 − 2	10��� + 4	10�

�12 − 2	10��� + 4	10�

 . �26�

For the LR13-BGK model �29�, the defect velocity and slip
coefficient, respectively, are

ud = ��� 2e�−�	70�/14�ȳ�

	70��� + 12

 ,

� = ��� �13 − 	70��� + 2	70�

�12 − 	70��� + 2	70�

 . �27�

IV. COMPARISON WITH KINETIC THEORY

In the work by Siewert �27�, the Boltzmann equation was
solved using three different kinetic models to determine the

Knudsen layer velocity profile for Kramers’ problem. These
included the BGK model, the Williams model �the collision
frequency is proportional to the magnitude of the velocity�,
and the hard-sphere model. Siewert investigated wall condi-
tions, ranging from fully diffusive to specular-diffusive re-
flection. Figure 1 presents the analytical solutions of the de-
fect velocity in the Knudsen layer from the moment
equations in comparison with the computational results from
the three kinetic models. For the case of �=0.9, diffusive
reflection from the wall dominates. The BGK kinetic model
produces the largest defect velocity in the Knudsen layer,
particularly close to the wall �ȳ�0.5�. In contrast, the results
from the Williams and hard-sphere models are in close
agreement with each other. The analytical solution from the
LR26 equations generally lies between the three models and,
beyond ȳ=0.5, is in close agreement with the BGK model.
However, at the wall, all kinetic models predict a higher
defect velocity. Conversely, the solution obtained from the
LR13 equations underpredicts the defect velocity signifi-
cantly, as shown in Fig. 1�a�. The solution of the LR13 equa-
tions based on the BGK model is also presented in Fig. 1.
The difference between the two LR13 equation sets is not
significant. As the LR13 system involves fewer equations
and boundary conditions than the LR26 system, less kinetic
information is preserved in the LR13 model. Clearly, the
combination of two exponentials with different widths pro-
duces an improved Knudsen layer velocity profile. It is ex-
pected that more moments and their governing equations
would generate more exponentials with different widths to
fully recover the full kinetic information. As the value of the
accommodation coefficient decreases, the previous observa-
tions remain valid although, as expected, the defect velocity
increases, as shown in Fig. 1�b�. In this case, where �=0.1,
specular wall reflection dominates. The results shown in Fig.
1 illustrate that the LR26 equations work well for walls ex-
hibiting either diffusive or specular reflection.

Equation �12� illustrates that the velocity in the Knudsen
layer consists of contributions from �̄xy, q̄x, and m̄xyy. For the
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FIG. 1. Defect velocity profile for Kramers’ problem: comparison between the moment equation solutions �lines� and kinetic theory
�symbols� �27�. �Note: the original data in Ref. �27� are presented in terms of the mean free path defined by l= �2 /	���. The data were
converted to be consistent with the present definition of the mean free path �.�
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LR13 equations, there is no mechanism for m̄xyy to contrib-
ute; so the Knudsen layer is derived solely from the tangen-
tial heat flux q̄x. In the NSF system, q̄x and m̄xyy are not
present, so there is no Knudsen layer. If we take the distance
to the wall as the characteristic length, the corresponding
Knudsen number is the reciprocal of ȳ. Figure 1 suggests that
the LR26 and LR13 equations can capture the Knudsen layer
velocity in a half-space configuration for a Knudsen number
equal to 2 �ȳ=0.5� and 0.5 �ȳ=2�, respectively. However, in
confined geometries, Knudsen layers from opposite walls
will overlap �18� and, for the R26 and R13 equations, this
will reduce the value of the Knudsen number to 1 and 0.2,
respectively. These results provide a clear indication that the
higher moment equations can be used in the early transition
regime with good accuracy.

A further test of the ability of macroscopic models to
accurately capture the nonequilibrium features in the Knud-
sen layer is an evaluation of the slip coefficient. If we plot �
against �, Eqs. �24�, �26�, and �27� will lie on different
curves but will be so close to each other that the differences
between them cannot be shown in the figure because of the
large plotting scale. It then gives the impression that they
produce the same value of the slip coefficient and researchers
could draw wrong conclusions from such a plot that the NSF
equations can produce the same slip coefficient as the BGK
kinetic equation �29�. In fact, at �=1, the LR26 gives �
=1.1247, the LR13 in Eq. �26� gives �=1.0431, the LR13 in
Eq. �27� gives �=1.0372, and the NSF gives �=1. It is well
known that the slip coefficient for the kinetic BGK equation
is 1.1466 at �=1. The large plotting scale comes from the
factor �� in Eqs. �24�, �26�, and �27�. To gain a better under-
standing of the accuracy of each equation set against kinetic
data, it is more appropriate to plot � /�� against �, as shown
in Fig. 2, where we compare our results with those from
kinetic theory �27�. The NSF equations always give � /��

=1. The slip coefficient predicted by the BGK model is
greater than the value from either the Williams or hard-
sphere models, and the solution from the LR26 equations lies
between them. In contrast, both LR13 solutions underesti-
mate the value of the slip coefficient due to the information
lost in the reduction in the moment equations. The slip coef-
ficient is often used in the slip boundary condition for the
NSF equations to compensate for their inability to describe
Knudsen layers. However, the value of the slip coefficient
determined from Kramers’ problem depends on the kinetic

model used and might only be applicable to planar geometry.
In complex geometries and flow conditions, care must be
taken when using a slip coefficient in NSF calculations.

V. CONCLUSIONS

The moment method is employed to study Kramers’ prob-
lem. Analytical solutions for the defect velocity and slip co-
efficient have been obtained for the LR13 and LR26 moment
equations, respectively. In comparison with data from kinetic
theory, it is found that the LR26 equations are able to de-
scribe the Knudsen layer fairly accurately in terms of the
defect velocity and the slip coefficient, while the LR13 equa-
tions consistently underpredict the kinetic data. The wall
boundary conditions for the R26 equations are valid for walls
dominated by either specular or diffusive reflection, and the
results indicate that the physics of nonequilibrium gas flow
can be captured by high-order moment equations.
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